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Singularity Avoidance Using Null Motion
and Variable-Speed Control Moment Gyros

Hanspeter Schaub¤ and John L. Junkins†

Texas A&M University, College Station, Texas 77843

A variable speed control moment gyroscope (VSCMG) null motion steering law is introduced that continuously
attempts to minimize the condition number of the control in� uence matrix. By doing so, the gimbal angles are
rearranged to less singular con� gurations without exerting a torque onto the spacecraft. By allowing the reaction
wheel speeds to be variable in this steering law, more general recon� gurations are possible than what are possible
with conventionalCMG. No a priori calculations of preferred sets of gimbal angles are necessary with this method.
Numerical studies show that superimposing this VSCMG null motion on the VSCMG steering law can result
in a drastic reduction in the required reaction wheel power consumption when operating near CMG singular
gimbal con� gurations. The reaction wheel torque required by this VSCMG steering law is typically very small and
achievable with existing CMG hardware.

Introduction

S INGLE-AXIS control moment gyroscopes (CMG) are com-
monly used to reorient large space structures. Their largest as-

set is that for a small torque input a relatively large effective gyro-
scopic torque output is produced onto the structure. However, the
standardCMG steering laws contain singulargimbal angle con� gu-
rationsat which the required torque is only partiallyproduced;in the
worst case only a zero torque component is feasible in the desired
direction.1 ¡ 3 At timeswhere the requiredtorqueisonlypartiallypro-
duced, the spacecraft would deviate from the prescribed trajectory.
These path deviations are highly undesirable in some applications.

Reaction wheels (RW) are another common control device often
employed with smaller spacecraft. They have simpler control laws
and are easier and cheaper to produce. Their drawback is that there
is no torque ampli� cation effect that makes them consume more
energy than CMG for a given rotation.Also, RW steering laws need
to be concerned with RW saturation4,5 and not be operating at the
structural resonant frequency of the spacecraft.

In Ref. 6 Ford and Hall introduce the equations of motion of a
spacecraft that contains several variable speed control moment gy-
roscopes (VSCMG). These control devices are essentially single-
gimbal CMG with a variable speed RW. However, in their paper
the RW or CMG modes are used exclusively,not simultaneously in
the control laws. Schaub et al. developeda VSCMG steering law in
Ref. 5 that makes the VSCMG act like regularCMG away fromclas-
sical CMG singularitiesand graduallyadds theRW controlauthority
when approaching a CMG singularity. Except for cases where ex-
cess wheel speeds are encountered,the resultingcontrol law always
generates the required torque and does not produce any trajectory
deviations.However, dependingon the size of the spacecraftand the
proximity to the classical CMG singularity, the required RW motor
torque could be rather large and require that the RW motor be larger
than its CMG counterparts. Note that conventional CMG already
have a feedback loop present on the RW to maintain a constant ro-
tation rate. The VSCMG would have a different feedback control
law and possibly a stronger RW motor.

Naturally, the best scenario to deal with CMG singularities is
to avoid them altogether. For a large class of maneuvers, this can
be done by initially reorienting the gimbal angles to preferred sets
from which the resulting trajectory will be singularity free.7 Cal-
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culating these preferred sets of gimbal angles is done off-line prior
to the maneuver. Typically CMG null motion is used to reorient
the internal gimbals without exerting a torque on the spacecraft.8

However, this can only be performed for a limited set of angles.
For example, assume that all CMG are of the same type with equal
RW spin speed. It is impossible to recon�gure a symmetric set of
gimbal angles to an asymmetric set because the internal momen-
tum vector would change in the process. As a result, this change
in momentum, no matter what steering law is used en route, would
produce a torque onto the spacecraft.As is shown in Ref. 5, a much
larger set of gimbal angle recon� gurations is possible by including
variable reaction wheel speeds. The internal momentum vector is
held constant during this VSCMG null motion by speeding the RW
up or down slightly. The RW motor torques required for these types
of maneuvers were found to be of the same order of magnitude as
the torque required by the standard CMG reaction wheel feedback
control law. Therefore, in many cases, using the VSCMG null mo-
tion only requires a change in the RW feedback control law and
not a complete redesign of the CMG device itself. In other words, a
sophisticationof the control law, with negligiblehardware changes,
can enable a dramatic performance improvement.

While previouswork in Refs. 5 and 9 focusedon recon�guring the
gimbals while holding the spacecraft attitude constant, in this paper
we investigate the use of a VSCMG null motion steering law during
a maneuver itself to drive the gimbal angles away from singular
con� gurations. As a singularity is approached, it is anticipated that
a small change early on in the gimbal con� guration should result in
a potentially large drop in required RW torque.

Problem Statement
Assume a spacecraft with the inertia matrix [Is] has N VSCMG

embedded in it. Each VSCMG control device is constrainedto gim-
bal about the spacecraft body � xed gimbal axis ĝgi , where c i is the
corresponding gimbal angle. The RW spin speed X i is assumed to
be time varying. The RW spin axis ĝsi and the transverse axis ĝti
are shown in Fig. 1. Let the VSCMG inertias about the spin, trans-
verse, and gimbal axis be given by Jsi , Jti , and Jgi , respectively.The
equations of motion were derived in Ref. 5 to be

[I ] Ç! = ¡ [!̃][I ]! ¡ [Gs]¿s ¡ [G t ]¿t ¡ [Gg]¿g + L (1)

where L is an external torque vector and the in� uence matrices
[G s], [G t ], and [Gg] contain the respective components of the unit
direction vectors of each VSCMG gimbal frame expressed in body
frame components.

[G s] = [ĝs1 ¢ ¢ ¢ ĝsN ] (2a)

[G t ] = [ĝt1 ¢ ¢ ¢ ĝtN ] (2b)

[Gg] = [ĝg1 ¢ ¢ ¢ ĝgN ] (2c)

11
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Fig. 1 Illustration of a variable
speed control moment gyroscope.

The total spacecraft inertia matrix is expressed as

[I ] = [Is ] +
N

î = 1

[Ji ] = [Is] +
N

î = 1

Jsi ĝsi ĝ
T
si

+ Jti ĝti ĝ
T
ti

+ Jgi ĝgi ĝ
T
gi

(3)

The effective torques s si , s ti , and s gi are related to gimbal rates and
wheel speeds by

s si = Js1 ( ÇX i + Çc i x ti ) ¡ ( Jti ¡ Jgi ) x ti Çc i (4a)

s ti = Jsi ( X i + x si ) Çc i ¡ ( Jti + Jgi ) x si Çc i + Jsi X i x gi (4b)

s gi = Jgi ¨c i ¡ Jsi X i x ti (4c)

where i ranges from 1 to N and the shorthand notation

x s = ĝT
s ! x t = ĝT

t ! x g = ĝT
g ! (5)

was used. Note that the effect of having a variable inertial matrix is
absorbed into the de� nition of the effective torques. The spacecraft
attitude vector measured relative to the � nal attitude is given by the
modi� ed Rodrigues parameter (MRP) vector s.9 ¡ 13 For the purpose
of this paper, the desired � nal attitude is adopted as the inertial
frame. Assuming K is a positive scalar and [P] is a positivede� nite
matrix, using Lyapunov stability theory one can see that the steering
law constraint5,9

N

î = 1

{ ĝsi Jsi
ÇX i + ĝgi Jgi ¨c i + ĝti [Jsi ( X i + x si ) ¡ Jti x si ] Çc i }

= K s + [P]! + L (6)

leads to a globally, asymptotically stable feedback law for rest-to-
rest maneuvers. To express this constraint in a more compact and
useable form, let us de� ne the following 3 £ N matrices:

[D0] = [ĝs1 Js1 ¢ ¢ ¢ ĝsN JsN ] (7a)

[D1] = [ĝt1 Js1( X 1 + x s1 ) ¢ ¢ ¢ ĝtN JsN ( X N + x sN )] (7b)

[D2] = [ĝt1 Jt1 x s1 ¢ ¢ ¢ ĝtN JtN x sN ] (7c)

[B] = [ĝg1
Jg1 ¢ ¢ ¢ ĝgN

JgN ] (7d)

Let Ç°, °̈, and ÇX be N £ 1 vectors whose ith element contains the
respectiveVSCMG angularvelocityor accelerationorRW spinrate.
The stability condition in Eq. (6) then is expressed compactly as

[D0] ÇX + [B]°̈ + ([D1] ¡ [D2]) Ç° = Lr (8)

where Lr = K s + [P]! + L is called the required control torque.
The standard CMG velocity-based steering law assumes that the
[B] and [D2] matrices are small compared to [D1] and are dropped.
The resulting simpli� ed stability condition then becomes

[D0] ÇX + [D1] Ç° = Lr (9)

For notational conveniencewe introduce the 2N £ 1 state vector ´

´ = [ X

° ] (10)

and the 3 £ 2N matrix [Q]

[Q] = [D0

... D1] (11)

Eq. (9) is then convenientlywritten as

[Q] Ḉ =Lr (12)

To solve this redundant set of equations for Ḉ , Ref. 5 uses the
weighted minimum norm inverse.14 Let [W ] be a 2N £ 2N di-
agonal matrix whose positive entries determine the instantaneous
importance of the respective VSCMG mode. Then the desired Ḉ
steering law is given by

Ḉ = [ ÇX

Ç° ] = [W ][Q]T ([Q][W ][Q]T ) ¡ 1Lr (13)

Note that there is no need here to introduce a modi� ed pseudoin-
verse as Nakamura and Hanafusa did in developing the singularity
robustness steering law in Ref. 1. As long as at least two or more
VSCMGs are used with linearly independent ĝgi vectors, the square
matrix [Q][W ][Q] ¡ 1 will be of full rank. Ideally the VSCMG are to
perform like CMG away from classical CMG singularities, so that
the RW mode weights Wsi are de� ned to be

Wsi = W 0
si

e( ¡ l d ) (14)

where the nondimensional singularity indicator d is de� ned as

d = det[(1/ h̄2)[D1][D1]T ] (15)

with h̄ being a nominal CMG spin axis angular momentum magni-
tude. The positive constant l is a steering law parameter.

Assuming that X f and ° f are preferred sets of VSCMG states,
the VSCMG null motion introduced in Ref. 5 is shown to be stable
globally and is given by

Ḉ = ke[[Ŵ ][Q]T ([Q][Ŵ ][Q]T ) ¡ 1[Q] ¡ [I2N £ 2N ]][A] ( D X

D ° )
(16)

where the state errors D X and D ° are de� ned as

D X = X ¡ X f (17)

D ° =° ¡ ° f (18)

and ke is a positive scalar. The notation [In £ m] represents a n £ m
identitymatrix.The diagonalweight matrix [Ŵ ] controlshow heav-
ily the RW and CMG modes are used during the VSCMG null mo-
tion. The diagonal matrix [A] is of the form

[A] = [ aRW[IN £ N ] [0N £ N ]
[0N £ N ] aCMG[IN £ N ]] (19)

where the parameters aRW and aCMG are either 1 or 0. If one is set
to zero, this means that the resulting null motion will be performed
with no preferredset of either X f or ° f . Note that this VSCMG null
motion cannot recon� gure the current ° and X states to arbitrary
� nal states because the vector sum of the internal VSCMG cluster
momentum must remain constant. However, by setting either aRW

or aCMG to zero, it is possible either to change the gimbal angles or
the RW spin speeds in a very general manner.
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Singularity Avoidance
To drive the gimbal con� guration toward a less singular con� g-

uration, a measure of singularity proximity is needed. A gradient
type method is developed next that provides the necessary state er-
ror vectors D X and D ° for the VSCMG null motion in Eq. (16).
Classical CMG steering laws are found by solving

[D1] Ç° = Lr (20)

Whenever the rank of the control in� uence matrix [D1] drops be-
low three, the required torque Lr may not be fully produced by Ç°.
The nondimensional singularity indicator d could be used here as
the singularity measure of the VSCMG null motion steering law.
However, because using the gradient method requires taking ana-
lytical partial derivatives of the singularity measure with respect to
the gimbal angles, this would lead to very complex equations that
have to be derived speci� cally for each physical system.

Instead, the condition number j of the matrix [D1] is used as the
singularity measure. Using a singular value decomposition (SVD),
the 3 £ N matrix [D1] is decomposed as

[D1] = [U ][R ][V ]T

= [u1 u2 u3 ] é
ë

r 1 0 0 0

0 r 2 0 ¢ ¢ ¢ 0

0 0 r 3 0

ù
û

[v1 ¢ ¢ ¢ vN ]T

(21)

where [U ] is a 3 £ 3, [R ] is a 3 £ N , and [V ] is a N £ N ma-
trix. Assume that the singular values have been arranged such that
r 1 ¸ r 2 ¸ r 3 . The nondimensional condition number j is then de-
� ned as

j = r 1 / r 3 (22)

As thegimbalanglesapproacha singularCMG con� guration,the in-
dex j would grow very large because r 3 ! 0. The theoreticallybest
possible matrix conditioning would be with r 1 = r 3 where j = 1.
The goal of the VSCMG null motion would be to minimize the sin-
gularity index j duringa maneuver.Let j (t ) be the singularityindex
at the current time and let j (t + ) be the index after a discrete gimbal
angle adjustment has been made. Using a Taylor series expansion
of j in terms of the gimbal angles, c i yields

j (t + ) = j (t ) +
@ j T

@°
D ° (23)

Because ideally j (t + ) = 1, using a minimum norm inverse the de-
sired gimbal angle correction is given by

D ° = a
[1 ¡ j (t)]
j @ j /@° j 2

@ j

@°
(24)

where the positivescalar a scalesthe gradientstep.As will be shown
with numericalexamples,Eq. (24) works well when the gimbal con-
� gurationis to be rearrangedwhile the spacecraftattitudeis held sta-
tionary.However, if Eq. (24) is used to drive the gimbal angles away
from singular con� gurations during a maneuver, then the VSCMG
null motion corrections become too soft as a singular con� guration
is rapidlyapproached.The j @ j /@° j 2 term in the denominatordrives
D ° to zero as @ j /@° becomes very large in the neighborhood of
a singularity. To counter this softening effect, the following stiffer
gimbal correction algorithm is proposed:

D ° = a [1 ¡ j (t)]
@ j

@°
(25)

Numerical studiesshow that the VSCMG null motion driven by this
D ° during a maneuver is more successful in keeping the gimbal
angles away from singular con� gurations.

If [D1] is reasonablywell conditioned, it is not desirable to have
the VSCMG be active at this point and drive the gimbal angles to an
even better conditioned con� guration. Doing so would only unnec-
essarily waste fuel and energy. To stop the VSCMG null motion at

some predeterminedsingularityindex j db , a deadbandis introduced.
Whenever j · j db > 1, then we set a =0.

Using Eq. (22), the partial derivatives of j with respect to the
gimbal angles are found to be

@ j

@ c i
=

1
r 3

@ r 1

@ c i
¡

r 1

r 2
3

@ r 3

@ c i

(26)

The partial derivatives of the singular values with respect to the
gimbal angles are given by15

@ r j

@ c i
= uT

j

@[D1]
@ c i

v j (27)

The result in Eq. (27) may have to be modi� ed if r 1 = r 3 . However,
this event will never be encountered if j db > 1 is adopted. Using
Eq. (7b), the partial derivative of [D1] with respect to c i is readily
found to be

@[D1]
@ c i

= [0 ¢ ¢ ¢ 0Â i 0 ¢ ¢ ¢ 0] (28)

where the ith column vector Â i is de� ned to be

Â i =
@ĝti

@ c i
Jsi ( X i + x si ) + ĝti Jsi ( X i +

@ĝsi

@ c i

T

!) (29)

Because the partial derivatives of the gimbal frame axes are given
by

@ĝsi

@ c i
= ĝti (30a)

@ĝti

@ c i
= ¡ ĝsi

(30b)

the vector Â i is expressed compactly as

Â i = ¡ ĝsi Jsi ( X i + x si ) + ĝti Jsi ( X i + x ti ) (31)

Substituting Eqs. (28) and (31) into Eq. (27) and carrying out the
vector algebra, the partial derivatives of the singular values with
respect to the gimbal angles are given by

@ r j

@ c i
= (uT

j Âi )[Vi j ] (32)

Note that these singular value sensitivities can be computed very
quickly given the vectors ui and vi obtained from a numerical SVD
of the local matrix [D1]. Therefore the D ° vector can be easily
computed and fed to the VSCMG null motion in Eq. (16).

Numerical Simulations
To illustrate the use of the VSCMG null motion to drive the

gimbal angles away from singular con� gurations, the following nu-
merical simulation was performed. A rigid spacecraft is reoriented
from large initial displacements to coincide with the target attitude
through the use of four VSCMG. The VSCMG are arranged in the
standard CMG pyramid con� guration shown in Fig. 2. The space-
craft and VSCMG properties are given in Table 1.

Table 1 Spacecraft and
VSCMG properties

Parameter Value

Is1 15,053 kg-m2/s
Is2 6,510 kg-m2 /s
Is3 11,122 kg-m2/s
N 4
h 54.75 deg
Js 0.70 kg-m2

Jt 0.35 kg-m2

Jg 0.35 kg-m2
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Fig. 2 VSCMG pyramidcon-
� guration.

a) MRP attitude vector s e) X vector without null motion (rad/s)

b) Angular velocity vector ! (rad/s) f) X vector with null motion (rad/s)

c) Singularity index · g) Torque vector us magnitude (N-m)

d) Singularity index ± h) Gimbal rates vector Ç° (rad/s)

Fig. 3 Comparison of maneuvers with and without VSCMG null motion.

Two simulations are performed. One simulation uses only the
VSCMG steering law in Eq. (13). The second simulation superim-
poses onto this steering law the VSCMG null motion given Eq. (16)
with the stiff gradient multiplier in Eq. (25) to recon�gure contin-
uously the gimbal angles away from singular con� gurations. The
numerical simulation parameters are given in Table 2. The vector
X f is chosen to be the same as the initial X (t0) vector, which re-
sults in the null motion trying to keep the RW spin speeds as close
to their original values as possible. The values of the diagonal an-
gular velocity feedback gain matrix [P] were chosen such that each
mode of the linearizedclosed-loopdynamics is criticallydamped.5,9

The null motion weights Ŵsi and Ŵgi are set equal in this simula-
tion. Setting Ŵsi equal to zero would have yielded a pure CMG null
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Table 2 Numerical simulation parameters

Parameter Value

s(t0) [0.4 0.3 ¡ 0.3]
!(t0) [0.4 0.3 ¡ 0.3] rad/s
°(t0) [45 ¡ 45 45 ¡ 45] deg
Ç°(t0) [0 0 0 0 ] rad
X i (t0) 628 rad/s
X f 628 rad/s
[P] [725 477 623] kg-m2 /s
K 35 kg-m2 /s2

K Çc 1.0 s ¡ 1

W 0
si

40
Wgi 1.0
l 100
Ŵsi 1.0
Ŵgi 1.0
j db 3

motion. This is typically the preferredsetting.By having Ŵsi = Ŵgi

in this simulation, the null motion uses the RW mode very little.
However, setting Ŵsi equal to zero would restrict the types of null
motion (therefore what types of gimbal angle recon� gurations) are
possible.5,9

The resultingnumericalsimulationsare illustratedin Fig. 3. Note
that three � gures have a different timescale of 0 to 150 s. This is
done to magnify what occurs during this time interval and because
nothinginterestinghappensfor theseparametersafter 150 s. Results
obtained from the simulation that only used the steering law in
Eq. (13) are indicated by a dashed line; results obtained from the
simulation with VSCMG null motion added are indicated with a
solid line. Figures 3a and 3b are valid for both simulations and
show that the closed-loopdynamics is indeed asymptoticallystable
for both simulations.

Figures 3c and 3d show the singularity indices j and d for both
simulations. Without the singularity-avoiding null motion added,
the gimbal angles approach a singularity twice. During the sec-
ond approach, the nondimensional determinant d actually reaches
zero and remains zero for a � nite duration. Therefore it would be
impossible to precisely perform this maneuver with the conven-
tional CMG steering law. Some modi� cations would have to be
used to produce and approximate required torque in the neighbor-
hood of this singular con� guration. However, the VSCMG steering
law is easily able to handle this singularity by temporarily using
its RW modes. During both periods where d ! 0, the condition
number j grows very large as seen in Fig. 3c. If the same maneu-
ver is performed with the singularity-avoidingVSCMG null mo-
tion added, the condition number j is reduced from the outset and
remains relatively low throughout the maneuver. Note that this in-
dex could have been reduced even more, but it remains essentially
around the given condition number deadband value of 3. The trade-
off of lowering this deadband value is that the VSCMG null mo-
tion ends up recon�guring the gimbals more often (i.e., using more
energy).

One drawbackof the VSCMG steeringlaw asproposedin Ref. 5 is
that for it to be able to drive throughsingularcon� gurationsa change
in X (i.e., large RW motor torque) is required. For this maneuver
the associated X changes are illustrated in Fig. 3e. Note that the
timescale in this and some other � gures is changed to illustrate
better the interesting regions. The weights were better tuned than in
Ref. 5 resulting in the RW speeds having a relatively small change
percentagewise. Using the VSCMG null motion in Refs. 5 and 9 to
recon� gure the gimbal angles a priori, we found that the associated
RW X changes were rather small. The same is observed here where
the null motion is performed during the maneuver itself as seen in
Fig. 3f.

The equivalentRW motor torque vector magnitudes j us j are plot-
ted in Fig. 3g. Classical CMG already have an active RW control
motor that simply maintains a constantwheel speed. The additional
effort requiredby the VSCMG null motion is visibleas small humps
of the solid line at the beginning of the maneuver and before 100 s.

Fig. 4 Comparison of soft vs stiff gradient step multiplier.

What is very encouraging is that the magnitude of these humps
is very small and still easily feasible with the standard existing
RW torque motors. Conversely, the standard VSCMG steering law
requires periodically RW torques that are much larger and would
require some reengineeringof the RW control motors.

The associated gimbal rates for both simulations are shown in
Fig. 3h. Although the added VSCMG null motion does require peri-
odically higher gimbal rates to recon� gure the gimbals, the overall
control effort for the CMG mode is about the same. Again, the
biggest difference in control effort between adding the VSCMG
null motion or not to the VSCMG steering law manifests itself in
the required RW control effort.

Had the softer gradientmultiplier in Eq. (24) been used insteadof
the stifferone in Eq. (25) then the gimbalswould not recon�gure fast
enough to avoid the singularity.As the VSCMG null motion starts to
recon� gure the gimbals with the singularityapproaching,the gradi-
ent multiplierstarts to go zero.This effectivelyturnsoff the VSCMG
null motion until the singularitypasses by. However, this soft gradi-
ent multiplier was found to be superior when trying to recon� gure
thegimbalswhileholdingthe spacecraftattitudesteady.Assumethat
a spacecraft is at rest, but the internal gimbal con� guration is close
to a singularity.Because no maneuver is being performed, the steer-
ing law will not drive the gimbals closer to the singularity.However,
the stiffer gradientmultiplier causes the VSCMG null motion to re-
duce the singularity index extremely sharply at � rst, and then decay
slowly after this. The problem with this is that in order to keep the
gimbal rates within reasonable limits the null motion gain ke had to
be substantiallyreduced.The resultingself-recon�gurationwas very
sluggish and inef� cient. The softer gradient multiplier in Eq. (24)
throttlesback the initial VSCMG null motion and decays the condi-
tion number j in a more useful manner. This behavior is illustrated
in Fig. 4. The same spacecraftand simulationparameters were used
as in the preceding simulations. The only difference between both
simulations is the use of the softer and stiffer gradient multiplier.
To compare both initial j time histories, the time axis is shown in a
logarithmicscale.Clearly the stiffermultipliercauses j to decayun-
acceptably fast initially. Therefore, if the VSCMG null motion is to
be used on a steady spacecraftto reduce the conditionnumber of the
[D1] matrix, the softergradientmultiplierin Eq. (24) providesbetter
performance.

Conclusion
A variable speed CMG null motion steering law is introduced

that drives the gimbal angles away from singular con� gurations,
which is done by continuouslyusing redundant degrees of freedom
to minimize the condition number j of the control in� uence ma-
trix through a gradient method. This null motion can be applied to
a spacecraft performing a reorientation maneuver or to a station-
ary spacecraft. Numerical studies show that adding this VSCMG
null motion to the variable speed CMG steering law can drastically
reduce the reaction wheel power consumption while maintaining a
singularity-freesteering law. To reduce the conditionnumber j , two
gradient multipliers are introduced. The stiffer gradient multiplier
provides superior performance than the softer multiplier during a
maneuver. The softer multiplier is better suited when trying to re-
con� gure the gimbals to a less singular con� guration while holding
the spacecraft attitude steady.
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